
Gauge/Gravity Duality, Winter 2024/25

Lecturer: Dr. Falk Hassler, falk.hassler@uwr.edu.pl
Tutorials: M.Sc. Luca Scala, luca.scala@uwr.edu.pl

7. Conformal Field Theory (17 points)

To be discussed on Friday, 29th November, 2024 in the tutorial.
Please indicate your preferences until Sunday, 24/11/2024, 21:00:00 on the website.

Exercise 7.1: Conformal transformations.

The conformal algebra in d > 2 dimensions is given by

[Jµν , Kρ] = i(ηµρKν − ηνρKµ),

[D,Pµ] = iPµ,

[D,Kµ] = −iKµ,

[D, Jµν ] = 0,

[Kµ, Kρ] = 0,

[Kµ, Pν ] = −2i(ηµνD − Jµν).

a) (1 point) Show that under the identifications

J̄d(d+1) = −D,

J̄µd =
1

2
(Kµ − Pµ),

J̄µ(d+1) =
1

2
(Kµ + Pµ),

the conformal algebra can be written in terms of an so(d, 2).
b) (1 point) The finite special conformal transformations are defined by

xµ → xµ + bµx2

1 + 2b · x+ b2x2
.

Show that special conformal transformations can be decomposed into an inversion xµ →
x′µ = xµ

x2 , a translation x′µ → x′′µ = x′µ + bµ and another inversion x′′µ → x′′′µ = x′′µ

x′′2 .
c) (3 points) Consider d = 2. Recalling the definition of the generators ln = −zn+1∂z, l̄m =

−z̄n+1∂z̄ from the lecture, show explicitly that they satisfy the following algebra

[ln, lm] = (m− n)lm+n, [l̄n, l̄m] = (m− n)l̄m+n, [ln, l̄m] = 0.

Exercise 7.2: Transformations of fields.

a) (4 points) Use a general infinitesimal conformal transformation

εµ(x) = aµ + ωµ
νx

ν + λxµ + bµx2 − 2(b · x)xµ
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to show that, for a primary field φ(x),

[Pµ, φ(x)] = −i∂µφ(x) := Pµφ(x),

[D,φ(x)] = −i∆φ(x)− ixµ∂µφ(x) := Dφ(x),

[Jµν , φ(x)] = −Jµνφ(x) + i(xµ∂ν − xν∂µ)φ(x) := J̃ φ(x),

[Kµ, φ(x)] =
[
i(−x2∂µ + 2xµx

ρ∂ρ + 2xµ∆)− 2xνJµν

]
φ(x) := Kµφ(x),

may be synthetised in the form

δεφ(x) = −Lνφ(x), Lν = ε(x) · ∂ +
∆

d
∂ · ε(x)− i

2
∂[µεν](x)J µν .

b) (4 points) Show that Pµ,D, J̃ ,Kµ satisfy the conformal algebra of exercise 7.1, i.e., they
form a representation of that algebra.

Exercise 7.3: Stress-energy tensor.

In previous lectures we were defining the energy-momentum tensor as

Tµν = − 2√
−g

δS
δgµν

.

a) (4 points) Show that Tµν is traceless if the action S is scale invariant.
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