Gauge/Gravity Duality, Winter 2024 /25

Lecturer: Dr. Falk Hassler, falk.hassler@Quwr.edu.pl
Tutorials: M.Sc. Luca Scala, luca.scala@uwr.edu.pl

13. Field-operator map. (19 points)

To be discussed on Friday, 31%° January, 2025 in the tutorial.
Please indicate your preferences until Thursday, 23/01/2025, 21:00:00 on the website.

Exercise 13.1: Spherical harmonics. 3 points

Show that 1

12
where (gs is the D’Alembert operator on S°, L is the radius of S® and Y' are spherical
harmonics.

OgsY'! = I(1+4)Y?,

Exercise 13.2: Field-operator map.
a) (2 points) Starting from the action
C
S = —E/dzddx\/—g (9" 000 + m*¢°) |
show that for a scalar ¢(z) in Poincaré coordinates, where the metric becomes
L2
ds® = gpda™dz" = —2(d22 + N datdz”),
2

the action can be rewritten as

Ldfl
32—02 /dzddx

b) (4 points) Consider the action (1). Show that near the boundary, where ¢ ~ 22, it is finite
when integrating from z = 0 to z = € provided that A > d/2.

(2°0.00.¢ + m*L?¢”) . (1)

Zd+1

c) (4 points) Breitenlohner-Freedman bound. In flat space, fields with negative m? have an
upside-down potential which leads to an instability. In (d 4 1)-dimensional Anti-de Sitter
space, however, scalar fields are still stable even for negative m? if their mass satisfies

d?
272
m L > ——
- 4 9

provided the fluctuations have the asymptotic behaviour ¢ ~ z®. This bound is called

Breitenlohner-Freedman bound. In order to obtain it, start from (1), reparametrize it

posing y = In z and rescale the scalar as ¢ = 2%?¢p. Show that, up to a boundary term, you

obtain oo
- 1
S=— 5 /dyddx [@,g@@mp + (mzL2 + Zd2) gpﬂ : (2)

This is the action of a scalar field ¢ in flat spacetime, with effective mass given by m?L? =
m2L% + }ldz. Remembering that in flat spacetime a scalar field theory is consistent only if
m? > 0, show that you obtain the Breitenlohner-Freedman bound.

1


mailto:falk.hassler@uwr.edu.pl
mailto:luca.scala@uwr.edu.pl
https://fhassler.de/teaching/ws_24/ads_cft
https://fhassler.de/teaching/ws_24/ads_cft

d) (2 points) Starting from the action (1), integrating by parts and removing a finite boundary
term, find the action

s- - /ddexL (—2%¢02¢ + (d — 1)260:¢ + m*L*¢") . (3)

2 ~d+1

Is this action the same as (1)7 In other terms: for wich values of A does the boundary term
vanish?

e) (4 points) Consider the action (3). Show that near the boundary, where ¢ ~ 22, it is finite
when integrating from z = 0 to z = € provided that A > (d—2)/2. This bound corresponds
to the unitarity bound of a scalar field in a CFT, i.e., the bound that hasd to be satisfied
in order to avoid negative norm states.



