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2-dimensional σ-model, the Swiss army knife of field theories

SΣ =
1

4πα′

∫
Σ

(
gijdx

i ∧ ?dx j + Bijdx
i ∧ dx j + ?φR

)
I D bosons x i , i = 1, . . . ,D coupled to gravity (topological)

I couplings gij , . . . describe the geometry of a Target space M

I fields x i (τ, σ) embed the worldsheet Σ into M

I related to other (¿all?) QFTs by string theory

hidden symmetry T-duality RG flow open questions



Discovering a new symmetry

1. SΣ in Hamiltonian formalism: [Tseytlin, 1990]

SΣ =

∫
Σ
dσdτ ẋ ipi −

∫
dτH(τ)

H(τ) =
1

4πα′

∫
dσJMHMNJN

with Poisson bracket {JM(σ), JN(σ′)} = 2πα′ηMNδ
′(σ − σ′)

2. Make H(τ) as simple as possible

HMN = EA
MEB

NHAB HAB =

(
1 0
0 1

)
JM =

1√
2πα′

EA
MJA δAB = EA

MEB
M

but more complicated Poisson bracket [Siegel, 1993]

{JA(σ), JB(σ′)} = FAB
CJC (σ)δ(σ − σ′) + ηABδ

′(σ − σ′)
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HMN = EA
MEB

NHAB HAB =

(
1 0
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)
JM =

1√
2πα′

EA
MJA δAB = EA

MEB
M

but more complicated Poisson bracket [Siegel, 1993]

{JA(σ), JB(σ′)} = FAB
CJC (σ)δ(σ − σ′) + ηABδ

′(σ − σ′)

HMN =

(
g − Bg−1B Bg−1

−g−1B g−1

)
JM = (∂σxm pm)

ηMN =

(
0 1

1 0

)
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E-model and Poisson-Lie symmetry [Klimč́ık and Ševera, 1995;Klimč́ık and Ševera, 1996]

relevant quantities: ηAB =

(
1 0
0 −1

)
, HAB =

(
1 0
0 1

)
, and FAB

C

FABC = FAB
DηDC = 3E[A

I∂IEB
JEC ]J with ∂I =

(
0 ∂i

)
encodes all σ-model data (gij and Bij) in one quantity
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C are structure constants of Lie algebra d

1. [TA,TB ] = FAB
CTC TA ∈ d

2. ad-invariant pairing 〈TA,TB〉 = ηAB

3. involution EAB := ηACHCB with E2 = 1 and 〈ETA,TB〉 = 〈TA, ETB〉

encodes all σ-model data (gij and Bij) in one quantity

H =
1

2

∫
dσJAHABJB

{JA(σ), JB(σ′)} = FAB
CJC (σ)δ(σ − σ′) + ηABδ

′(σ − σ′)

E-model
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T-duality and integrable deformations

I for a fixed d there is a different EA
I for each

max. isotropic subalgebra h 3 T a, a = 1, . . . ,D, with 〈T a,T b〉 = 0

E-model

H1\D H2\D Hn\D

PL T-duality

σ-models on

I E-model field equations:

J̇A = {JA,H} ↔ dJ +
1

2
[J, J] = 0

J = TA

(
EABJ

Bdτ + JAdσ
)

for integrable E-models map between J and L [Ševera, 2017]
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T-duality and integrable deformations

I for a fixed d there is a different EA
I for each

max. isotropic subalgebra h 3 T a, a = 1, . . . ,D, with 〈T a,T b〉 = 0

E-model

H1\D H2\D Hn\D

PL T-duality

σ-models on

I E-model field equations:

J̇A = {JA,H} ↔ dJ +
1

2
[J, J] = 0

J = TA

(
EABJ

Bdτ + JAdσ
)

for integrable E-models map between J and L [Ševera, 2017]

similar to flat
Lax connection

hidden symmetry T-duality RG flow open questions



Abelian T-duality

I target space with abelian isometries

winding ↔ momentum

I on the worldsheet Buscher procedure [Buscher 87]

1. gauge global U(1) symmetry

2. use Lagrange multiplier λ to impose F = dA = 0

3. integrate out λ or A

4. Wilson loops

∮
A fix periodicity of λ

hidden symmetry T-duality RG flow open questions



Abelian T-duality

I target space with abelian isometries

winding ↔ momentum

I on the worldsheet Buscher procedure [Buscher 87]

1. gauge global U(1) symmetry

2. use Lagrange multiplier λ to impose F = dA = 0

3. integrate out λ or A

4. Wilson loops

∮
A fix periodicity of λ

original model dual model
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Non abelian T-duality [de la Ossa, Quevedo 93]

S3I idea: gauge non-abelian symmetry on worldsheet

I problem: λ now in the adjoint & not a singlet

1. global properties of dual model do not arise as in the abelian case

2. isometry group of the dual target space is smaller

¿NATD is not invertible?

hidden symmetry T-duality RG flow open questions



Non abelian T-duality [de la Ossa, Quevedo 93]

S3I idea: gauge non-abelian symmetry on worldsheet

I problem: λ now in the adjoint & not a singlet

1. global properties of dual model do not arise as in the abelian case

2. isometry group of the dual target space is smaller

¿NATD is not invertible?

[Giveon, Roček 93]

We argue that, except for “accidents”, there is no reason to
expect nonabelian duality to be a symmetry of a CFT; at
best, it can be a transformation between different CFT’s.

hidden symmetry T-duality RG flow open questions



Poisson-Lie T-duality [Klimč́ık, Ševera 95]

NATD is invertible & we should look at the phase space

Drinfeld
double
D

configuration space

D/H model D/H̃ dual model
canonical transformation
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Poisson-Lie T-duality [Klimč́ık, Ševera 95]

NATD is invertible & we should look at the phase space

Drinfeld
double
D

configuration space

D/H model D/H̃ dual model
canonical transformation

D = Lie group with two max. iso. subgroups; D = H n H̃

H and H̃ are Poisson-Lie groups

hidden symmetry T-duality RG flow open questions



Generalised T-duality

abelian

∪
non-abelian

∪
Poisson-Lie

∪

Poisson-Lie + WZW

∪∪

dressing coset construction

H and H̃ are abelian

H or H̃ is abelian

H and H̃ are non-abelian

D with one max. iso. subgroup

double coset F\D/H [Klimč́ık, Ševera 96]

most general
includes AdS5×S5
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Generalised T-duality

abelian

∪
non-abelian

∪
Poisson-Lie

∪

Poisson-Lie + WZW

∪∪

dressing coset construction

H and H̃ are abelian

H or H̃ is abelian

H and H̃ are non-abelian

D with one max. iso. subgroup

classical! quantum corrections?
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PL symmetry & Double Field Theory [FH 17, Çatal-Özer, Demulder, Sakatani, Thompson, . . . ]

Remember: Poisson-Lie symmetric σ-model (E-model)

I 2 D-dimensional Lie algebra d with TA ∈ d

[TA,TB ] = FAB
CTC

I ad-invariant O(D,D) pairing

〈TA,TB〉 = 〈TB ,TA〉 = ηAB

I involution E : d→ d, E2 = 1

〈TA, ETB〉 = 〈ETA,TB〉 = HAB

? element from the center of d

FAtA , FAB
CFC = 0
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PL symmetry & Double Field Theory [FH 17, Çatal-Özer, Demulder, Sakatani, Thompson, . . . ]

Remember: Poisson-Lie symmetric σ-model (E-model)

I 2 D-dimensional Lie algebra d with TA ∈ d

[TA,TB ] = FAB
CTC

I ad-invariant O(D,D) pairing

〈TA,TB〉 = 〈TB ,TA〉 = ηAB

I involution E : d→ d, E2 = 1

〈TA, ETB〉 = 〈ETA,TB〉 = HAB

? element from the center of d

FAtA , FAB
CFC = 0

¿How to get the metric g , the B-field B and the dilaton φ?
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Generalised frame fields

I EA
I (x) with EA

IηABE
B
J =

(
0 δij
δji 0

)

such that
LEA

EB = FAB
CEC

LEA
e−2d = −FAe−2d

holds (frame algebra)

I LξV I = ξJ∂JV
I + VJ∂

I ξJ − V J∂Jξ
I , ∂I =

(
0 ∂i

)
I g , B and φ are encoded in

gen. dilaton d = φ− 1

4
log det g

gen. metric HIJ =

(
g ij g ikBkj

−Bikg
kj gij − Bikg

klBlj

)
= EA

IHABE
B
J

generalised Lie derivative
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RG flow

I the σ-model is a 2-dim. QFT with ∞ number of couplings

I How do they flow from the UV → IR?

dgij
dt

= Rij t = logµ (one-loop)

I with B-field and dilaton generalised Ricci flow

dHIJ

dt
= RIJ
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RG flow

I the σ-model is a 2-dim. QFT with ∞ number of couplings

I How do they flow from the UV → IR?

dgij
dt

= Rij t = logµ (one-loop)

I with B-field and dilaton generalised Ricci flow

dHIJ

dt
= RIJ generalised Ricci tensor [Hohm, Hull, Zwiebach 10]

hidden symmetry T-duality RG flow open questions



PL symmetry & one-loop RG flow

I go to adapted frame: HIJ HAB

EA
I

I restrictions on ḢAB = 〈TA, ĖTB〉 = RAB

E2 = 1 → 0 = P ĖP = P ĖP P =
1

2
(1 + E)

P =
1

2
(1− E)

only D2 components of RAB are unconstrained
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PL symmetry & one-loop RG flow

I go to adapted frame: HIJ HAB

EA
I

I restrictions on ḢAB = 〈TA, ĖTB〉 = RAB

E2 = 1 → 0 = P ĖP = P ĖP P =
1

2
(1 + E)

P =
1

2
(1− E)

only D2 components of RAB are unconstrained

RAB =

(
0 Rab̄

Rāb 0

)
PA

B =

(
δab 0
0 0

)
P
A
B =

(
0 0
0 δā

b̄

)encodes
one-loop
RG flow

hidden symmetry T-duality RG flow open questions



“Feynman”-diagrams

Rab̄ = 2Pa
CP b̄

D
(
FCEGFDFHP

EFP
GH

+ FCDEFEP
EF + DDFC − DEFCDFP

EF
)

with DA = EA
I∂I and ∂I =

(
0 ∂i

)
[Geissbuhler, Marqués, Nuñez, Penas 13]

PAB = A B P
AB

= A B

FABC = B
A

C
FA = A DAFB = A B

Rab̄ = 2 + 2 + 2 − 2

= DFT field equations killed by PL symmetry

hidden symmetry T-duality RG flow open questions



Challenges beyond one-loop I

β-functions are scheme dependent!
scheme = coordinate choice on coupling space
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Challenges beyond one-loop I

β-functions are scheme dependent!
scheme = coordinate choice on coupling space

y

x

r
ϕ

R2

diffeomorphism
x = r cosϕ

y = r sinϕ

an infinitesimal coordinate change
xµ → xµ − ξµ
changes a vector vµ

vµ → vµ + Lξv
µ

Lξv
µ = ξν∂νv

µ − vν∂νξ
µ
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Challenges beyond one-loop I

β-functions are scheme dependent!
scheme = coordinate choice on coupling space

y

x

r
ϕ

R2

diffeomorphism
x = r cosϕ

y = r sinϕ

an infinitesimal coordinate change
xµ → xµ − ξµ
changes a vector vµ

vµ → vµ + Lξv
µ

Lξv
µ = ξν∂νv

µ − vν∂νξ
µ

xµ ∼
(
gij Bij φ

)
ξµ ∼

(
∆gij ∆Bij ∆φ

)
= Ψ

vµ ∼
(
βgij βBij βφ

)
= β

ξµ∂µ = δΨ = ∆gij
δ

δgij
+ . . .

β→ β + LΨβ

LΨ = δΨβ− δβΨ− T (Ψ,β)

δ can have torsion

hidden symmetry T-duality RG flow open questions



The “right” scheme [Marqués, Nuñez 15]

I observables are scheme independent

BUT action of symmetries depend on the scheme

I keep frame algebra unmodified LEA
EB = FAB

CEC

→ generalised Bergshoeff-de Roe scheme (Marqués-Nuñez scheme)

double Lorentz transformations are modified

→ keep track of EA
I ’s double Lorentz frame

frame algebra EA
I gen. BdR scheme ÊA

I

finite generalised Green-Schwarz transformation
generate α′-correction for metric, B-field & dilaton

[Borsato, López, Wulff 20; FH, Rochais 20; Borsato, Wulff 20; Codina, Marqués 20]
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Challenges beyond one-loop II

I in right scheme two-loop field equations exclusively depend on
[Baron, Fernández-Melgarejo, Marqués, Nuñez 17]

FABC , FA , PAB , P
AB

, and DA

BUT field equations 6= β-functions

instead δΨS =

∫
dDxe−2dΨ · K (β)

I @ two-loops: δΨS
(2) =

∫
dDxe−2d

[
Ψ · K (2)(β(1)) + Ψ · K (1)(β(2))

]
I K

(1)
AB;CD = −ηACηBD Zamolodchikov metric
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Challenges beyond one-loop II

I in right scheme two-loop field equations exclusively depend on
[Baron, Fernández-Melgarejo, Marqués, Nuñez 17]

FABC , FA , PAB , P
AB

, and DA

BUT field equations 6= β-functions

instead δΨS =

∫
dDxe−2dΨ · K (β)

I @ two-loops: δΨS
(2) =

∫
dDxe−2d

[
Ψ · K (2)(β(1)) + Ψ · K (1)(β(2))

]
I K

(1)
AB;CD = −ηACηBD Zamolodchikov metric

¿Is it possible to write K (2) just with •?
hidden symmetry T-duality RG flow open questions



Sketch of the computation

I obtain K (2) in the Metsaev-Tseytlin scheme

I transform it to the gen. BdR scheme

I write result in terms of H-flux Habc , spin connection ωab
c and Fa

I match 77 terms with 19 doubled diagrams like

β β . . .

β

β

I works despite 4:1 overdetermined
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Two-loop β-function

I 342 diagrams vs. 4 @ one-loop

I transform covariantly under gen. Green-Schwarz transformations

I imposing PL symmetry and → 40 diagrams remain

β
(2)E

ab̄
= + + 2 + 2 + 4

− 4 + 2 − 2 − 4 +

+ 4 + − 2 + − 2

− 2 + + 2 + − 2 + P ↔ P

PL symmetry is preserved under two-loop RG flows!
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Open questions

I is there a “geometric” interpretation, like for RAB , for β
(2)
AB

I obtaining β-functions directly from the E-model

I can dressing cosets be treated in the same way

I two-loop heterotic string should be manageable

I explore the integrability/RG flow correspondence further

I how do quantum groups fit into the picture

I is it possible to study irrelevant deformations, like TT

I operator map under PL T-duality

I . . .

hidden symmetry T-duality RG flow open questions


