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Drinfeld double [Drinfeld, 1988]

Definition: A Drinfeld double is a 2D-dimensional Lie group D,
whose Lie-algebra o

1. has an ad-invariant bilinear for (-, -) with signature (D, D)

2. admits the decomposition into two maximal isotropic
subalgebras g and §
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Drinfeld double [Drinfeld, 1988]

Definition: A Drinfeld double is a 2D-dimensional Lie group D,
whose Lie-algebra o

1. has an ad-invariant bilinear for (-, -) with signature (D, D)

2. admits the decomposition into two maximal isotropic
subalgebras g and §

» (17 t) =th€d, hicg and t?ej

0 &2
> (ta, tB) = naB = <5b é’)
a
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Drinfeld double [Drinfeld, 1988]

Definition: A Drinfeld double is a 2D-dimensional Lie group D,
whose Lie-algebra o

1. has an ad-invariant bilinear for (-, -) with signature (D, D)

2. admits the decomposition into two maximal isotropic
subalgebras g and §

v

(17 t) =tacd, theg and t?€§
_ (0 &

[ta, t3] = FagCtc with non-vanishing commutators

v

v

[ta, to] = fap°te [ta, 1] = 72€ ot — facPtC
[t2, l’b] _ ?abctc

ad-invariance of (-, -) implies Fagc = Fiapc

v
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Poisson-Lie T-duality: 1. Definition imcik and severa, 1995]

» 2D o-model on target space M with action

S(E,M) = [ dzdz E;ox'ox/
» E; = g; + Bj captures metric and two-from field on M
» inverse of Ej is denoted as E’
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Poisson-Lie T-duality: 1. Definition imcik and severa, 1995]

>

2D o-model on target space M with action

S(E,M) = [ dzdz E;ox'ox/

Ej = g; + Bj captures metric and two-from field on M
inverse of Ej is denoted as EY

left invariant vector field v’ on G is the inverse transposed
of right invariant Maurer-Cartan form t,v3;dx’ = dg g

adjoint action of g € Gon ty € 0: Adg ta = gtag™' = MaBtg
analog for G
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Poisson-Lie T-duality: 1. Definition imcik and severa, 1995]

» 2D o-model on target space M with action

S(E,M) = [ dzdz E;ox'ox/
» E; = g; + Bj captures metric and two-from field on M
» inverse of Ej is denoted as E’

» left invariant vector field v’ on G is the inverse transposed
of right invariant Maurer-Cartan form t,v3;dx’ = dg g

» adjoint action of g € Gon ty € 0: Adg ta = gtag™"' = MaBtg
» analog for G

Definition: S(E, D/G) and S(E, D/G) are Poisson-Lie T-dual if

Eif —_ vCiMaC(MaeMbe + Egb)Mdedj
Eij = VCIMaC(MaeMbe + Eo ab)Mdedj

holds, where Eg’b is constant and invertible with the inverse Eg 4.

Poisson-Lie T-duality
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Poisson-Lie T-duality: 2. Properties

abelian T-d. G abelian and 6:3 abelian
» captures { non-abelian T-d. G non-abelian and G abelian

[Ossa and Quevedo, 1993;Giveon and Rocek, 1994; Alvarez, Alvarez-Gaume, and Lozano, 1994;...]

Motivation Poisson-Lie T-duality Double Field Theory Application Summary
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Poisson-Lie T-duality: 2. Properties

abelian T-d. G abelian and (:3 abelian
» captures { non-abelian T-d. G non-abelian and G abelian

[Ossa and Quevedo, 1993;Giveon and Rocek, 1994; Alvarez, Alvarez-Gaume, and Lozano, 1994;...]

» dual o-models related by canonical transformation
[Klimcik and Severa, 1995;Klimcik and Severa, 1996;Sfetsos, 1998]

— equivalent at the classical level

» preserves conformal invariance at one-loop
[Alekseev, Klimcik, and Tseytlin, 1996;Sfetsos, 1998;. . . ;Jurco and Vysoky, 2017]
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Poisson-Lie T-duality: 2. Properties

abelian T-d. G abelian and (:3 abelian
» captures { non-abelian T-d. G non-abelian and G abelian

[Ossa and Quevedo, 1993;Giveon and Rocek, 1994; Alvarez, Alvarez-Gaume, and Lozano, 1994;...]

» dual o-models related by canonical transformation
[Klimcik and Severa, 1995;Klimcik and Severa, 1996;Sfetsos, 1998]

— equivalent at the classical level

» preserves conformal invariance at one-loop
[Alekseev, Klimcik, and Tseytlin, 1996;Sfetsos, 1998;. . . ;Jurco and Vysoky, 2017]

» dilaton transformation urco and vysoky, 2017
6=~} log|det (1+ 85" (Bo+ 1))
¢=—}log ‘det (1 + 9, (Bo + ﬁ)> ‘ details later

Poisson-Lie T-duality
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Additional structure on the Drinfeld double
[Blumenhagen, Hassler, and Liist, 2015, Blumenhagen, Bosque, Hassler, and Liist, 2015]
» right invariant vector E,/ field on D is the inverse transposed of
left invariant Maurer-Cartan form t4E4,0X’ = g~ 'dg

Motivation Poisson-Lie T-duality Double Field Theory Application Summary
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Additional structure on the Drinfeld double

[Blumenhagen, Hassler, and Liist, 2015, Blumenhagen, Bosque, Hassler, and Liist, 2015]

» right invariant vector E,/ field on D is the inverse transposed of

left invariant Maurer-Cartan form t4E4,0X’ = g~ 'dg

» two n-compatible, covariant derivatives’
1. flat derivative

Dy VB = EAIa/ VB — wFp VB, Fa= Dy log |det(EBl)|
2. convenient derivative
VaVB=D,VvEB 4+ 1 FACB ve

definitions here just for quantities with flat indices
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Additional structure on the Drinfeld double

[Blumenhagen, Hassler, and Liist, 2015, Blumenhagen, Bosque, Hassler, and Liist, 2015]

» right invariant vector E,/ field on D is the inverse transposed of
left invariant Maurer-Cartan form t4E4,0X’ = g~ 'dg

» two n-compatible, covariant derivatives’
1. flat derivative

DaVE = EA'9|VE — wFaVE,  Fp= Dalog |det(E5))|
2. convenient derivative
VaVE = DaVB + LFucBVC
» generalized metric H g (w = 0)
Hag = H(ag), Hacn®PHps = 1as
» generalized dilaton d with e =29 scalar density of weight w = 1

definitions here just for quantities with flat indices
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Additional structure on the Drinfeld double
[Blumenhagen, Hassler, and Liist, 2015, Blumenhagen, Bosque, Hassler, and Liist, 2015]
» right invariant vector E,' field on D is the inverse transposed of
left invariant Maurer-Cartan form t4E4,0X’ = g~ 'dg

» two n-compatible, covariant derivatives’

. flat derivative

Dy VB = EAIa/ VB — wFp VB, Fa= Dy log |det(EBl)|

2. convenient derivative

VaVE = DaVEB + LFacBVC

» generalized metric H g (w = 0)
Hag = Heag),  Hacn®Hos =148

» generalized dilaton d with e =29 scalar density of weight w = 1
» triple (D, H ag, d) captures the doubled space of DFT

definitions here just for quantities with flat indices

Motivation Poisson-Lie T-duality Double Field Theory Application Summary
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Double Field Theory for (D, HAB, d) [Blumenhagen, Bosque, Hassler, and Liist, 2015]

see also [Vaisman, 2012; Hull and Reid-Edwards, 2009;Geissbuhler, Marques, Nunez, and Penas, 2013; Cederwall, 2014;...]
> action (Vad = —3€%9V 4e729)
_og (1 1
Sns = / 2P Xe=2 (§HCDVCHABVDHAB — 5 HPVEHPVDHA
D
1
~ 2VadVgH*E + 41 PV 10V d + < FacpFs 1)
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Double Field Theory for (D Has, d) [Blumenhagen, Bosque, Hassler, and Liist, 2015]

see also [Vaisman, 2012; Hull and Reid-Edwards, 2009;Geissbuhler, Marques, Nunez, and Penas, 2013; Cederwall, 2014;...]
. 1 _
> action (Vad = —3€%9V 4e729)

1 1
Sks = /D 2P Xe=2 ( g0V cHasVoH"E — SHAPVEH PV DG

’
~F, ACDFBCDHAB)

— 2V AdV gHAB + 4A1HABY 4dV gd + 5

» 2D-diffeomorphisms
Le VA = ¢BDgVA + wDgeBVA
» global O(D,D) transformations

VA TAgVE  with  TAcTBpn®D — A8

Motivation Poisson-Lie T-duality Double Field Theory

Application Summary
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Double Field Theory for (D Has, d) [Blumenhagen, Bosque, Hassler, and Liist, 2015]

see also [Vaisman, 2012; Hull and Reid-Edwards, 2009;Geissbuhler, Marques, Nunez, and Penas, 2013; Cederwall, 2014;...]

> action (Vad = —3€%9V 4e729)

1 1
Sns = /D dZDXe*Zd(g?LCDVCHABVDHAB — 5 HPVEHPVDHA

1

— 2V AdV gHAB + 4A1HABY 4dV gd + 5

F, ACDFBCDHAB)
» 2D-diffeomorphisms
Le VA = ¢BDgVA + wDgeBVA
» global O(D,D) transformations
VA TAgVB  with TAGTBpnCP =B
» generalized diffeomorphisms
LeVA=¢BVgVA + (VAL — Ve VB + wVgeBVvA
» section condition (SC)
8Dy - Dg-=0

Double Field Theory
00000000



Symmetries of the action

» Sys invariant for X'— X' +

1. HA® — HAB 4 L HAB
2. HA® — HAP + LHAP

Motivation Poisson-Lie T-duality
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Symmetries of the action

» Sys invariant for X'— X! + ¢AE," and

1. HAB - HAB L L:HAB and e29 — 729 4 Lo
2. HMB 5 HAB + LHAP and e29 5 e 204 e 2
object | gen.-diffeomorphisms 2D-diffeomorphisms global O(D,D)
Hag | tensor scalar tensor
V ad | not covariant scalar 1-form
e~29 | scalar density (w=1)  scalar density (w=1) invariant
nag | invariant invariant invariant
Fag€ | invariant invariant tensor
E,' | invariant vector 1-form
Sns | invariant invariant invariant
SC | invariant invariant invariant
D, | not covariant covariant covariant
V 4 | not covariant covariant covariant

/

manifest
Double Field Theory
00e000000



Poisson-Lie T-duality: 1. Solve SC [nassier, 2016]
» fix D physical coordinates x’ from X/ = (x’ x7> onD

such that nV = E,/n*BEg! = ( 0 > — SC is solved

» fields and gauge parameter depend just on x’

Motivation Poisson-Lie T-duality Double Field Theory Application
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Poisson-Lie T-duality: 1. Solve SC [nassier, 2016]
» fix D physical coordinates x’ from X/ = (x’ x7> onD

such that nV = E,/n*BEg! = ( 0 ) — SC is solved

» fields and gauge parameter depend just on x’
» only two SC solutions, relate them by symmetries of DFT
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» fields and gauge parameter depend just on x’
» only two SC solutions, relate them by symmetries of DFT
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Poisson-Lie T-duality: 1. Solve SC [nassier, 2016]
» fix D physical coordinates x’ from X/ = (x’ x7> onD

such that nV = E,/n*BEg! = ( 0 > — SC is solved

» fields and gauge parameter depend just on x’
» only two SC solutions, relate them by symmetries of DFT
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Poisson-Lie T-duality: 2. As manifest symmetry of DFT

» same structure as in the original paper [Klimcik and Severa, 1995]
» duality target spaces arise as different solutions of the SC
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Poisson-Lie T-duality: 2. As manifest symmetry of DFT

» same structure as in the original paper [Klimcik and Severa, 1995]
» duality target spaces arise as different solutions of the SC

Poisson-Lie T-duality:
» 2D-diffeomorphisms X' — X"/(X1,... X2P) with d(X') = d(X"!)
» global O(D,D) transformation t; — 7Bt

manifest symvmtries of DFT
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Poisson-Lie T-duality: 2. As manifest symmetry of DFT

» same structure as in the original paper [Klimcik and Severa, 1995]
» duality target spaces arise as different solutions of the SC

Poisson-Lie T-duality:
» 2D-diffeomorphisms X' — X"/(X1,... X2P) with d(X') = d(X"!)
» global O(D,D) transformation t; — 7Bt

manifest symvmtries of DFT

» for abelian T-duality X' — X"/ = X!
— no 2D-diffeomorphisms needed, only global O(D,D) transformation
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Poisson-Lie T-duality: 2. As manifest symmetry of DFT

» same structure as in the original paper [Klimcik and Severa, 1995]
» duality target spaces arise as different solutions of the SC

Poisson-Lie T-duality:
» 2D-diffeomorphisms X' — X"/(X1,... X2P) with d(X') = d(X"!)
» global O(D,D) transformation t; — 7Bt

manifest symvmtries of DFT

» for abelian T-duality X' — X"/ = X!
— no 2D-diffeomorphisms needed, only global O(D,D) transformation

Poisson-Lie T-duality is a manifest symmetry of DFT

Double Field Theory
000080000



Equivalence to supergravity: 1. Generalized parallelizable spaces
[Lee, Strickland-Constable, and Waldram, 2014]

» generalized tangent space element V' = (Vi V)
» generalized Lie derivative

LVI=elogVI (g -0, V? with 0= (0 )

Motivation Poisson-Lie T-duality Double Field Theory Application Summary
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Equivalence to supergravity: 1. Generalized parallelizable spaces
[Lee, Strickland-Constable, and Waldram, 2014]

» generalized tangent space element V' = (Vi V)
» generalized Lie derivative

LVI=elogVI (g -0, V? with 0= (0 )

(Definition: A manifold M which admits a globally defined N
generalized frame field E/(x') satisfying

1. EEAEB’ = FugCEL!
where F4gC are the structure constants of a Lie algebra b

=G a2 J_ q5_ (0 0
2. EplnBEg! =l = (5{. o')
/

is a generalized parallelizable space (M, ), EA). )

Double Field Theory
0O0000e000




Equivalence to supergravity: 2. Generalized metric and dilaton
[Klimcik and Severa, 1995; Hull and Reid-Edwards, 2009; du Bosque, Hassler, Liist, 2017]

» Drinfeld double D — two generalized parallelizable spaces:

~ ~ 7 = 7
(D/G,0, E4) (D/G,v,EA")
b o and B 0
Ed=mee (V0 04 Eal = g (%
A A ( 0 vb’) B 0 W
Motivation Poisson-Lie T-duality Double Field Theory Application Summary
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Equivalence to supergravity: 2. Generalized metric and dilaton
[Klimcik and Severa, 1995; Hull and Reid-Edwards, 2009; du Bosque, Hassler, Liist, 2017]

» Drinfeld double D — two generalized parallelizable spaces:

(D/G,v,Ey)) (D/G,2,E4l)

b o and B _
=5 VP 7 =5 F Vi 7
Ep' = M4 ( 0' Vbi) g/ Ep' = Mag ( 8' Vbi) 5!

» express H*B in terms of the generalized #" on TD/G @ T*D/G

HAB _ EAFVEB. with i — (9~ /kg "Bk — ik“gkl
: / 9"Byj g’

» express d in terms of the standard generalized dilaton d
~ 1 o
d=d- > log |det V]
d= ¢ —1/4log ’detg,-j|

Motivation Poisson-Lie T-duality Double Field Theory Application Summary
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Equivalence to supergravity: 2. Generalized metric and dilaton
[Klimcik and Severa, 1995; Hull and Reid-Edwards, 2009; du Bosque, Hassler, Liist, 2017]

» Drinfeld double D — two generalized parallelizable spaces:

(D/G,v,Ey)) (D/G,2,E4l)

b o and B _
=5 VP 7 =5 F Vi 7
Ep' = M4 ( 0' Vbi) g/ Ep' = Mag ( 8' Vbi) 5!

» express H*B in terms of the generalized #" on TD/G @ T*D/G

HAB _ EAFVEB. with i — (9~ /kg "Bk — ik“gkl
: / 9"Byj g’

» express d in terms of the standard generalized dilaton d
~ 1 o
d=d- > log |det V]

d= ¢ —1/4log ’detg,-j|
» plug into the DFT action Ss

Motivation Poisson-Lie T-duality Double Field Theory Application Summary
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Equivalence to supergravity: 3. IIA/B bosonic sector action

» if G and G are unimodular
Sns = Vé/dDX e_za(;ﬁkzakﬁnazﬁm — 2678837:273
V5104, 5K A 4 5108 5. 5
— A0 o Ty + 471 0,00,
> Vg = [ d%P det 5 volume of group G

Motivation Poisson-Lie T-duality Double Field Theory Application Summary
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Equivalence to supergravity: 3. IIA/B bosonic sector action

» if Gand G are unimodular
1 pr o~ o ~
Ss = Vg / dPx e=2¢ (gHKLﬁan@ZH“ — 20,ddyHY
100y kg 1 0105500
— 507K o iy + 47 0,d00)
Vs = [ dX%P det ¥, volume of group G
equivalent to IIA/B NS/NS sector action

[Hohm, Hull, and Zwiebach, 2010; Hohm, Hull, and Zwiebach, 2010]

. 1 )
Sus = Vi / aPx \[det(gy)e 2 (R + 40,606 — <5 HixHI¥)

holds for all #g(x") / HM(x')
only D-diffeomorphisms and B-field gauge trans. as symmetries

v

v

v

v

Motivation Poisson-Lie T-duality Double Field Theory Application Summary
oo 000 00000000 o oo



Equivalence to supergravity: 3. IIA/B bosonic sector action

» if G and G are unimodular
~ 1 ~pr R S " _nn
Sns = Vg / dPx e—Zd(éﬂKLaanaZH“ — 20,d9yH"Y
V5000 pkLo 1 5100 50 5
— 507K o iy + 47 0,d00)
Vs = [ dX%P det ¥, volume of group G
» equivalent to IIA/B NS/NS sector action

[Hohm, Hull, and Zwiebach, 2010; Hohm, Hull, and Zwiebach, 2010]

. 1 )
Sus = Vi / aPx \[det(gy)e 2 (R + 40,606 — <5 HixHI¥)

> holds for all Hag(x') / HM(x')
» only D-diffeomorphisms and B-field gauge trans. as symmetries

v

» similar story for R/R sector

Motivation Poisson-Lie T-duality Double Field Theory Application Summary
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Restrictions on # 45 and d to admit Poisson-Lie T-duality

Poisson-Lie T-duality (2D-diff.) o
> in general Hap(x') Hap(x", x")

> X part not compatible with ansatz for SUGRA reduction — avoid it

Motivation Poisson-Lie T-duality Double Field Theory Application Summary
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Restrictions on # 45 and d to admit Poisson-Lie T-duality

Poisson-Lie T-duality (2D-diff.) o
> in general Hap(x') Hap(x", x")

> X part not compatible with ansatz for SUGRA reduction — avoid it

A doubled space (D, H g, d) admits Poisson-Lie T-dual
supergravity descriptions iff

1. Lg'HAB:O V§ — DA'HABZO
2. Led=0 V¢ — Due2?=0

Double Field Theory
0O0000000e



Application: Dilaton transformation

> Dae??=0 — 9)(2d + log|det v| + log|det ¥]) = 0

= 2¢9 = const.

Motivation Poisson-Lie T-duality Double Field Theory Application Summary
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Application: Dilaton transformation

> Dpe 2 =0 — 9(2d+log|detv|+ log|det 7|) =0

:2¢o:const.
> d=¢—1/4log|detg| — } log|det V|
¢=¢>o—|—%log|detg|—%Iog|detv|

Motivation Poisson-Lie T-duality Double Field Theory Application
oo 000 000000000 °
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Application: Dilaton transformation

> Dpe 2 =0 — 9(2d+log|detv|+ log|det 7|) =0

:2¢o:const.
> d=¢—1/4log|detg| — } log|det V|
¢=¢>o—|—%|og!detg|—%Iog|detv|

((Bo _|_§O)ab — EOab
|—|ab _ MachC
» g=v'eTev with e'e T =g — (Bo+ Mgy ' (Bo+ 1)
&lé = o
{ el =8 +& (B+n)

Motivation Poisson-Lie T-duality Double Field Theory Application Summary
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Application: Dilaton transformation

> Dpe 2 =0 — 9(2d+log|detv|+ log|det 7|) =0

= 2¢9 - const.

> d=¢—1/4log|detg| — } log|det V|

¢=¢>o+%log]detg|—%Iog|detv|

((Bo _|_§O)ab — EOab
|—|ab _ MachC
» g=vlelev with e'e T =g — (Bo+ Mgy ' (Bo+ 1)
&5 & = Jo
L e*T:éo—i—éaT(Bo—i—l'l)

> ¢ = g+ log|det e = go—} log | det | — Iog‘det (1 + 351 (Bo + n))

» reproduces [Jurco and Vysoky, 2017]

Motivation Poisson-Lie T-duality Double Field Theory Application Summary
000 ° oo



Summary

» DFT, Poisson-Lie T-duality and Drinfeld doubles fit together naturally

» interpretation of doubled space does not require winding modes
anymore (phase space perspective instead)



Summary

» DFT, Poisson-Lie T-duality and Drinfeld doubles fit together naturally

» interpretation of doubled space does not require winding modes
anymore (phase space perspective instead)
» various new directions for research in DFT
» translation of all the intriguing results in Poisson-Lie T-duality

[Klimcik and Severa, 1996;Sfetsos, 1998; Klimcik, and Severa, 1996 (momentum <« winding); ...]

v

Drinfeld doubles — quantum groups — rich mathematical structure

v

new way to organized o’ corrections?

v

new way to construct non-geometric backgrounds?

v

branes in curved Space [Kiimcik, and Severa, 1996 (D-branes)]?



Summary

» DFT, Poisson-Lie T-duality and Drinfeld doubles fit together naturally

» interpretation of doubled space does not require winding modes
anymore (phase space perspective instead)

» various new directions for research in DFT

>

| 2

>

>

>

translation of all the intriguing results in Poisson-Lie T-duality

[Klimcik and Severa, 1996;Sfetsos, 1998; Klimcik, and Severa, 1996 (momentum <« winding); ...]

Drinfeld doubles — quantum groups — rich mathematical structure
new way to organized o’ corrections?

new way to construct non-geometric backgrounds?

branes in curved space [kimik, and Severa, 1996 (D-branes)] ?

» facilitates new applications

>

>

>

integrable deformations of 2D o-models (see Daniel’s talk)
solution generating technique
explore underlying structure of AdS/CFT (see Yolanda’s talk)



Summary

» DFT, Poisson-Lie T-duality and Drinfeld doubles fit together naturally

/» interpretation of doubled space does not require winding modes

Hull and Zwiebach, 2009 Klimcik, 2002

» solution generating technique

» explore underlying structure of AdS/CFT (see Yolanda’s talk)
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