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1. Reminder of spin 0 and 1/2 fields

To be discussed on Tuesday, 8th March, 2022 in the seminar.

Exercise 1.1: Feynman Propagator of the Klein-Gordon Field

In the lecture, we stated that the propagator of the real scalar field has the form

DF(x− y) = lim
ϵ→0+

∫
d4p

(2π)4
i

p2 −m2 + iϵ
e−ip(x−y)

We want to show that this propagator, as it should, matches the time-ordered correlation
function.

a) Show that the Heaviside step function θ(x) has the integral representation

θ(x) = lim
ϵ→0+

∓ 1

2πi

∫ ∞

−∞
dτ

1

τ ± iϵ
e∓ixτ .

b) Using this representation, show

DF(x− y) = ⟨0|Tϕ(x)ϕ(y)|0⟩ .

Exercise 1.2: γ-matrices and Spinors

a) Use the Dirac algebra
{γµ, γν} = 2gµν · 1

to show that the matrices

Jµν =
i

4
[γµ, γν ]

generate the Lie algebra so(3,1) defined by the commutators

[Jµν , Jρσ] = i (gνρJµσ − gµρJνσ − gνσJµρ + gµσJνρ) .

b) Show that the prescription for Dirac conjugation

ψ = ψ†γ0

renders the product ψψ a scalar under Lorentz transformation.

Exercise 1.3: Solutions of the Dirac Equation

In this exercise, we want to explore solutions of the Dirac equation
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(iγµ∂µ −m)ψ = 0 (1)

and its quantisation in more detail.

Hint: It might be a good idea to take a look at the sections 3.3 and 3.5 in Peskin and Schroeder
while approaching this exercise.

a) Use the plane wave ansatz

ψ(x) =

∫
d4p

(2π)4
[
u(p)e−ipx + v(p)eipx

]
, p0 > 0

to show that we can decompose (1) into the two parts

(/p−m)u(p) = 0 ,

(−/p−m)v(p) = 0 .

b) Each, u(p) and v(p), admits two linearly independent solutions, denoted as us(p) and vs(p)
with s = 1, 2. Compute them.

c) Finally, we want to understand the physical interpretation of these solution. Consider
electrons and positrons, which are governed by the Dirac equation. How are they related
to the solutions you derived above?

d) Calculate their spin at reset and show that it is directly related to the degeneracy which
we labeled with s.
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