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12. String compactification on the torus

To be discussed on Thursday, January 23, 2014 in the tutorial.

Exercise 12.1: Torus compactification

Just as a circle can equivalently be described as R/27wRZ, a d-dimensional Torus, 79, can

be described as R?/27A?, where A? denotes a d-dimensional lattice generated by integer linear
combinations of d basis vectors (i,7 =1,...,d),

- 1
= —R;€; (no sum).

V2

Here, the vectors €; are normalized as
€€ = 2 ,

so that V; has length R;. Denoting the Cartesian components of the vectors é; by e! (I,J =
1,...,d), the torus with radii R; is then given by the identification

d
X'~ XT 21y Ving = X+ oxl!, (n; € Z) (1)

=1

where
d 1 d
LI = VITLZ' = — anleI 2
; ini= 5 Zl : (2)

are the Cartesian coordinates of the possible lattice vectors. A set of basis vectors €; is said to
be dual to the basis €; if

which also implies

I «xJ _ ¢IJ
E e =0".

=1

The Euclidean metric d;; on R? can be expressed in terms of the bases 1_/; or VX = ‘fé‘{ , in

terms of which it reads

I=1
‘11
* * Yk *] * ]
9 = Vi -V _QZEQ EGJ
=1 "

gij and g;; play the role of the metric on, respectively, the lattice A4 and the dual lattice (A9)*
generated by 17;*
a) Show that gj; is actually the inverse of g;;.
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b)

c)

Choosing €, = (v/2,0) and & = (1,1) in case of a 2-torus, find the dual basis & (either
graphically or algebraically).

d
Show that the single-valuedness of a wave function of the form exp (Z Xpt ) requires
=1

d
Z L'y e 7,
I=1
and hence,
d
pl = ZmiVi*I, (m; € Z).
i=1

The momentum vectors p! are thus constrained to lie on the dual lattice (Ag)*.

The mass formula in the absence of internal B,y fields is given by

1, W .
m? = Np+ Nr—2+ = ((5r)* + (Pr)?)

2
where .
PLR=p=* §L-
Show that this is equal to
2 - 1
m* = Np+ Np—2+ Z (mig;*jmj + Znigijnj> .

1,7=1

Switching now on a non-trivial internal Bj;y-field background, B;; # 0, and using a flat
spacetime metric, Gyn = Ny, the action of a string (string tension 7" = iﬂ')

1
S=5p+8n = o [ o (<0 XM0XY +0,10,X) nux
1
+ E /d2aaTXI(90XJBU .

Use
X'(o,7) = 2" +2p" + Lo + oscillators,

to show that the internal canonical momenta

5S
m=—__
5(0, X7

are given by

1 1
Il = %(pl + §BIJLJ) + oscillators.

This implies that the internal canonical center of mass momenta 7/

are now given by

1
7TI = pI + §B[JLJ



instead of just p’. Hence, we now have to require single-valuedness of exp (2 Sorlx! )
1

instead of exp (z Spl X! >, so that ! and not p’ is now quantized:
]

d
71'1 — § mi‘/;*l )
i=1

f) While the canonical momentum has changed, it is still the mechanical momentum p’ that
enters pj p, just as in (2), and the mass formula is still of the form (1). Reexpressing p’ in
terms of 7!, show that

1
pi,R = 7TI + 5(51J F B[J)LJ
1

1
= (m; — EnjBij)Vi*I + EniVil, (3)

where sums over repeated indices are understood and B;; = > Vi/ V}J Byy.
IJ

Remark: Inserting (3) into (1), one finds that the mass again depends on g;; (and its
dual/inverse g;;), but also on By;. Hence, there are d(d + 1)/2 + d(d — 1)/2 = d* continu-
ous parameters g;;, B;; that label the different physically inequivalent configurations. In the
low energy effective field theory, these parameters (“moduli”) arise as the vev’s of d* lower-
dimensional scalar fields, which are simply zero modes of the internal metric and 2-form field
components. The scalar potential of these scalar fields is (classically) flat, and so their vev’s
are not dynamically fixed. Finding mechanisms that fix the moduli of string compactifications
is an important problem in present day string theory research, and much progress has been
achieved in recent years in this area.



